Abstract-An analytical model of star couplers in arrayed waveguide gratings (AWG) is derived. By retaining the real 1-D mode shapes, the model is able to calculate the star coupler response to fundamental modes, as well as higher order modes. This is desirable for modeling passband flattened AWGs. The model can calculate the response of an AWG very fast, because no numerical root finding or integral calculation is involved. This allows it to be used in circuit level simulations.
I. INTRODUCTION
A RRAYED waveguide gratings (AWGs) are key devices in many optical systems. They are used extensively as multiplexers and demultiplexers [1] . Because they can be integrated on a chip, they are also frequently used in photonic integrated circuits (PICs) as wavelength filtering devices. As the complexity of PICs increases, there is a need for detailed circuit level simulations. Because such circuits can contain many components, the time needed to simulate a single component must be kept low. Due to the large physical size of AWGs, the calculation times of rigorous physical simulation methods, such as beam propagation method (BPM) or finite difference time domain (FDTD), are prohibitive. Therefore, there is a clear need for fast AWG models.
One of the difficulties in modeling AWGs is analyzing the star couplers. Previous work [2] , [3] has mainly focused on finding design equations for these couplers rather than providing an accurate simulation model. In this paper, we present a new analytical star coupler model, and by extension an AWG model, that is suitable for circuit level simulation as described in [4] . Similar to existing analytical models we use a paraxial approximation [5] , [6] . Instead of using a Gaussian approximation of the fundamental mode, we choose to retain the real mode field, with exponential tails and a cosine function in the core. We show that this approach results in increased accuracy at a minimal increase of calculation time. A further advantage of our model is its ability to include higher order modes. This can be used, for example, to simulate passband flattening using multimode interference couplers (MMIs) [7] .
We start in Section II by describing the profile of the considered modes. We then continue by describing the diffraction Manuscript integral, which we apply to calculate the coupling coefficients of an AWG star coupler. In Section III, we find a closed solution to the integral. In Section IV, the coupling to the array waveguides is calculated. These individual pieces are put together in Section V where the full AWG model is described. Section VI then compares this model to other simulation methods. We conclude in Section VII.
II. THEORETICAL MODEL

A. Mode Profile
We consider a three layer slab waveguide with an index profile n 0 |n 1 |n 2 and width d, as shown in Fig. 1 . Such a structure can be obtained after application of the effective index method to the index profile of a 2-D waveguide cross section. A slab waveguide mode solver is used to find the guided modes in this structure. Without loss of generality, we define the center of the waveguide to be at x = 0. The field profiles U (x) of the guided waveguide modes then have the form of (1), where U (x) is either E y (quasi-TE polarization) or H y (quasi-TM polarization) [8] C. Its value can be calculated by satisfying the following equation:
In order to decrease the calculation time needed by our model, we precalculated the mode index N for many wavelengths and tabularized the results. In this way, we avoid having to run a mode solver during the AWG simulation.
B. AWG Star Coupler
In AWGs, the coupling from the input waveguide to the array waveguides is taken care of by a star coupler. The typical geometry of such a coupler is shown in Fig. 2 . In this figure, the input waveguide is shown on the left, at an angle α in = δ/2. A single array waveguide is shown on the right at an angle θ. The array waveguides are positioned on a circle with radius R a . The input waveguides are positioned on the Rowland circle with radius R in = R a /2. Defocussing, such as is used in some chirped AWGs [9] , can be included through the parameter df , which equals zero for normal AWGs. The presented geometry is that of an asymmetric star coupler. The model can also be applied to different input geometries, for example symmetric, by choosing different values for (x 0 , z 0 ) and α in .
The model can be applied to propagate any field which can be described as a linear combination of modal fields in the input waveguides, thus also allowing for weakly coupled waveguides. Here, we consider a single mode of any order in one input waveguide ending at a point (x 0 , z 0 ) at an angle α in . The ξ axis is perpendicular to the centerline of this input waveguide. At the same time, we consider a single output waveguide at an angle θ, which begins at a point (x 0 ,ẑ 0 ). The ζ axis is perpendicular to the centerline of the output waveguide. We now launch a mode with a profile U in (ξ) and we wish to calculate the coupling to an output mode U out (ζ). This can be any mode of the considered input waveguide.
When light exits the input waveguide, diffraction occurs. The field at the other side of the star coupler along the ζ axis is therefore described by the 2-D Fresnel-Huygens diffraction integral [6] U (x,ẑ) =
with k = n s k 0 is the wavenumber in the material, n s the slab index,Û (x,ẑ) the diffracted field, and
The coupling between the modes is given by the overlap integral between the output mode and the diffracted field
No closed solutions exist for the integrals in (2) and (3). However, it is possible to find an approximate closed expression when it is assumed that the angles α in and θ are small and that r is much larger than the effective mode widths of the input and output modes along ξ and ζ, respectively. In most practical AWGs, these assumptions are valid. This approximation is related to the paraxial approximation described in [6] , the validity of which is discussed in detail in [10] .
An inspection of (2) shows that the integral argument contains a slowly varying amplitude component and a fast varying phase component. Under the above outlined assumptions, we approximate r linearly in ξ for the phase component. For the amplitude component, we retain only the constant term in r. We apply this to (2) and obtain the following expression:
with r 0 and r 1 the constant and linear terms of the Maclaurin series of r in ξ:
III. SOLVING THE DIFFRACTION INTEGRAL
With the approximation of r outlined above, it is possible to get a closed expression of the integral in (4). We insert the field expression of (1) and treat the three regions separately. This results in the following integrals:
Closed solutions exist for all these integrals, as derived in the appendix. The closed expressions are
with γ = d in kr 1 . The diffracted field at coordinate (x,ẑ) is thus approximated asÛ
IV. COUPLING TO THE ARRAY WAVEGUIDES Equation (8) describes the field value at a single point (x,ẑ) due to the diffraction of an input field U in (ξ). As mentioned, an overlap integral between the output mode and the diffracted field gives the coupling to the output mode. This integral is given in (3). However, this equation is only valid for an array of isolated waveguides. In an AWG, the array waveguides can be in close proximity and they behave as a system of coupled waveguides. In such a situation, the exponential tails of the individual array waveguide modes overlap significantly. This means that applying (3) to every array waveguide leads to an overestimation of the power coupled to the array waveguides. Instead of applying coupled mode theory and considering the array waveguides as a whole, we propose a simpler approach. We modify the boundaries of every overlap integral so that instead of running from −∞ to +∞, it runs from −ζ 0 to ζ 1 . These two points correspond to the center between waveguide i and i − 1, and between i and i + 1. This is shown schematically in Fig. 3 . The array waveguide's mode profile is renormalized so that the energy contained in the region between −ζ 0 and ζ 1 equals 1. The modified overlap integral thus equals 
In the limit of an infinite gap between array waveguides, ζ 0 and ζ 1 both tend to infinity, and the original equation for an isolated waveguide is obtained. When the gap equals zero, the array waveguides form a single wide waveguide and essentially all power is coupled to this waveguide. In our approximation, the mode in each waveguide is then approximated as a pure cosine function. In this limit our model therefore gives an overestimation of the insertion loss. To get to a closed analytical solution of the complete star coupler, the integral in (9) needs to be solved. Unfortunately, no closed solutions exist. This is due to the ζ dependence of x andẑ, and through them the ζ dependence of r 0 and r 1 . If we assume that the effective width of the mode profile U i (ζ) is small compared to r 0 at ζ = 0, then we can apply a linear approximation of r 0 , Also r 1 has to be approximated to be able to find a closed expression. When the angles α in and θ are small, or in other words if x 0 R a andx R a , then r 1 can be approximated by a constant When these approximations are valid, also z can be approximated as follows:
When the approximations detailed above are applied to (5)- (7), then the only ζ dependent part of the integral solutions I 1 , I 2 , and I 3 is C 0 (r 0 ). Similar to before, C 0 contains a slow varying amplitude component and a fast varying phase component. For the amplitude component, we replace all instances of r 0 by r 0,0 . For the phase component, we replace r 0 by r 0,0 + r 0,1 ζ . We obtain the following integrals that have to be solved to get the value of O i in (9)
These are exactly the same integrals for which we found closed expressions earlier. We thus find
V. FULL AWG MODEL An AWG consists out of two star couplers that are connected by array waveguides of increasing length. We consider an AWG with N in input waveguides, N out output waveguides, and N a array waveguides. The goal of the model is to obtain the entries t j i of the transmission matrix T , which describe the transmission from input i to output j. This can be written as a matrix multiplication of three transmission matrices T = F out ΦF in (14) where F in is the response of the input star coupler which is a N a × N in matrix, Φ is a N a × N a diagonal matrix representing the amplitude and phase response of the array waveguides, and F out is the response of the output star coupler which is a N out × N a matrix. The response of both input and output star couplers is modeled in exactly the same way. The transmission matrix T has dimensions N out × N in .
VI. COMPARISON TO EXISTING MODELS
To evaluate the performance of our new model, we simulated a regular AWG and a passband flattened AWG with three different methods. The first method is a 2-D BPM simulation using a commercial software package [11] . The BPM was configured to have a lateral step size of 10 nm. The longitudinal step size was 50 nm. A Padé(3,3) approximation was used for propagating the fields. The total BPM simulation was built up by first exciting an input of the input star coupler and taking the mode overlap with the array waveguide modes sufficiently far away from the star coupler so negligible coupling between array waveguides occurred. A phase shift corresponding to each array waveguide length was then applied. Finally, the output star coupler was simulated to get the transmission of the device. This approach thus follows the principle from (14) . It should be mentioned that BPM has limited accuracy for strongly guiding waveguides [12] . The second simulation type is a paraxial approximation using Gaussian mode fields [5] . In this Gaussian model, we apply the overlap integral in (9) but using Gaussian mode fields. Finally, the new model described in this paper is applied.
A. Regular AWG
The parameters of the regular AWG are shown in Table I . The device is a 1 × 4 AWG with a channel spacing of 1.6 nm. The layer stack used is an indium phosphide stack with high lateral index contrast. Fig. 4 shows the simulation results of the three models. The passbands are centered around 1550 nm. We see an excellent match between our analytical method and the BPM results to such an extent that they are virtually indistinguishable. Both show an insertion loss of 3 dB and a crosstalk floor between -50 and -55 dB. The periodicity of the crosstalk also matches very well. The only visible deviation is a small sidelobe directly adjacent to the passband, which the BPM predicts to be at -39 dB while our method predicts -45 dB. For the Gaussian model there are much stronger deviations to the numerical results. First of all, the Gaussian model overestimates the width of the passband, and secondly the crosstalk level is underestimated at -60 dB. The Gaussian model also gives a higher insertion loss of 4.9 dB. In terms of calculation times, our new method finished in 1.6 s for 2000 points, the Gaussian model in 1.3 s for 2000 points, while the BPM took around 9.5 h for only 200 points. Thus, our method is approximately five orders of magnitude faster than the BPM. 
B. Flattened AWG
As mentioned, our model is able to simulate the response of passband flattened AWGs. We again use the 1 × 4 AWG whose parameters are shown in Table I , but now an MMI is placed at the input. The MMI has a width of 3 μm, a length of 13.75 μm, and an input waveguide width of 1.5 μm. The length of the MMI was optimized to provide a flattened field at the output. A linear combination of the first three even modes was used in the analytical model to represent the field at the end of the MMI coupler. The weighting coefficients and relative phases of these modes were determined through modal propagation analysis of the MMI. Because in our model, the AWG response is cal- Fig. 5 . This figure shows an excellent match between the two methods. There is some deviation in the crosstalk behavior. There the BPM shows crosstalk levels of around -45 dB, where our method predicts -55 dB. The maximum deviation in the passbands is limited to 0.5 dB.
VII. CONCLUSION
A new analytical model for AWGs was derived. Other analytical AWG models exist, of which the paraxial approximation with Gaussian mode fields is probably the most well known [5] , [6] . That Gaussian model suffers from a number of inaccuracies, of which many are avoided in our model. First of all, the Gaussian approximation of the mode can only be applied to the fundamental mode. Our method works equally well for both the fundamental mode and higher order modes. This allows our model to simulate passband flattening using multimode output waveguides [13] , MMI couplers in the input [7] or parabolic tapers [14] more accurately than adaptations of the Gaussian model such as in [15] . Second, the Gaussian approximation of the mode has a big mismatch with the actual mode shape in the exponential tails of the mode. This results in a poor prediction by the Gaussian model of the AWG crosstalk [5] . In terms of speed, our model has similar performance as the Gaussian model because both present fully analytical expressions for the coupling coefficients of the star coupler. The new model was compared to BPM simulations and an excellent match was obtained. Given its capabilities, speed, and accuracy, we feel that this model is very well suited for use in circuit level simulations.
APPENDIX
We provide a derivation here of the closed expression for integrals I 1 , I 2 , and I 3 of Section III. We start with I 1 . Integral I 3 is completely equivalent to I 1 and we will therefore not show its derivation 
